Excitation of geodesic acoustic mode (GAM) by collisionless trapped electron mode (CTEM) is studied within the framework of nonlinear gyrokinetic theory. The dispersion relation describing GAM excitation by drift wave turbulence valid for arbitrary k ⊥ ρ i is derived. Here, k ⊥ and ρ i are, respectively, perpendicular wave vector and thermal ion Larmor radius. It is found that the parametric decay process of CTEM into a GAM and a CTEM sideband is unstable in both small and large k ⊥ ρ i regimes due to, respectively, ion and trapped electron nonlinearity. For moderate k ⊥ ρ i , however, there exists a negligible-GAM-excitation state where ion and trapped electron nonlinearities cancel each other.
Introduction
Drift wave (DW) type turbulence [1] induced by plasma expansion free energy is generally accepted to be one of the candidates responsible for anomalous transport in tokamaks, with the transport fluxes scaling linearly with the turbulence intensity. It has been demonstrated by both analytical theory and large scale simulations that, the n = 0 zonal structures (ZS), including both low-frequency ZF (LFZF) [2] [3] [4] and geodesic acoustic mode (GAM) [5, 6] as its finite-frequency counterpart, can be spontaneously driven by DW turbulences, and plays an important role in regulating the DW turbulence by scattering into stable short radial wavelength regime [7] . Thus, excitation of ZF, which provides a possible mechanism for DW turbulence self-regulation, is considered to be crucial in triggering the L-H transition, and has attracted significant attention in fusion research over the past decade. Selfregulation of ion temperature gradient (ITG) driven modes by spontaneously excited ZS is now generally accepted [4, 6, [8] [9] [10] [11] . For collisionless trapped electron mode (CTEM) [12] [13] [14] [15] [16] , which is expected to play an important role in fusion plasmas due to the direct power transfer between fusion alphas and thermal electrons by collisional slowing down, the role of ZS in its saturation has been investigated in nonlinear gyrokinetic simulations [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , and has been found to depend on parameters, in particular η e [22] . In particular [22] shows that ZS plays a dominant role for long wavelength CTEMs; while the role of ZS is weak for short wavelength CTEMs (η e 1). While [22, 24] found GAMs to be weak for both short and long wavelength TEMs for core-like parameters, reference [26] finds a possible important role of GAMs in regulating TEM turbulence for edge-like parameters; suggesting that the mechanism of GAM excitation by DWs and the ensuing turbulence self-regulation deserves further investigation by both numerical simulations as well as theoretical analysis. Up to now, there is no systematic theoretical studies on the nonlinear parametric interactions between CTEM and GAM. This constitutes primary motivations of this work. This work is primarily focused on the discussion of the GAM excitation mechanism by CTEM and demonstrates that GAMs are indeed excited by CTEM parametric decay. Ultimately, the primary results of our work are the CTEM amplitude threshold for the onset of parametric decay instability by which GAMs are excited, and the instability growth rate; i.e. the scattering cross section of the corresponding process.
There are two notable difference between CTEM and ITG in the potential interactions with ZS. First of all, the most unstable CTEM is characterized by a perpendicular (to the equilibrium magnetic field) wavelength k ⊥ ρ i ∼ O(1) [24] , while ITG has a typical k ⊥ ρ i 1. Thus, the usual approach of small k ⊥ ρ i expansion used in studying the nonlinear interactions of ITG and ZS is not applicable here [10, 27] . Second, the electron dynamics is less important for ITG due to their fast streaming along the field lines, while the precessional resonance between trapped electrons and the electrostatic DWs is crucial for the excitation of CTEM [12, 13] . We thus expect that trapped electrons could also play an important role in the CTEM nonlinear dynamics [28, 29] .
CTEM is driven by the precessional resonance between the electrostatic DW and trapped electrons, whose population increases with radial position. Thus, in the outer plasma region, where CTEM is more easily excited, GAM [5, 6] , is expected to play more important role than the low-frequency ZS (LFZS) in regulating CTEM for the following reasons. First, the collisional damping rate of LFZS is higher in the edge region where the temperature is lower, while the GAM collisionless damping rate is minimized due to the higher q-values, where q is the safety factor. Second, the threshold for spontaneously excited LFZS is higher due to the dependence of its trappedion enhanced linear dielectric function on q [3] . This remark, based on the LFZF polarizability in the long wavelength limit [3] , remains valid for shorter radial wavelengths of the order of the ion Larmor radius, thanks to a connection formula for the LFZS dielectric function that is valid for a broad range of radial scales from ion banana width to electron Larmor radius, derived in [30] . In this work we, therefore, are motivated to investigate the spontaneous excitation of GAM by CTEM turbulence following the paradigm of three-wave parametric decay instability [31, 32] .
The rest of the paper is organized as follows: in section 2, the physical model is presented. The nonlinear eigenmode equations of DW sideband and GAM are derived, which are then used in section 3 to obtain the nonlinear dispersion relation of the DW parametric decay process by which GAM is excited. The nonlinear dispersion relation, hence, yields the excitation threshold as well as the growth rate for GAM spontaneous excitation. Finally, conclusions and discussions are given in section 4.
The physical model
We consider a simple tokamak equilibrium with circular magnetic surfaces, with the equilibrium magnetic field given by B 0 = B 0 (e ξ /(1 + cos θ) + ( /q)e θ ) , where = r/R 0 1 is the inverse aspect ratio, r is the minor radius and ξ and θ are, respectively, the toroidal and poloidal angles of the torus forming a toroidal flux coordinate system (r, θ, ξ).
Our treatment of the three-wave interactions among the pump [6, 10, 27] , with the selection rules for resonant decay Ω 0 + Ω S = Ω G denoting frequency and wavenumber matching conditions. We assume that both CTEM and GAM are dominated by electrostatic response, and the following ballooning decompositions are assumed for the perturbed potentials [33] :
in which,
Here, (n, m) are the toroidal and poloidal mode numbers, A 0 , A S and A G are the envelope amplitudes of CTEM pump, lower CTEM sideband and GAM, respectively. 0 (nq − m) is the fine radial mode structure associated with finite k (parallel mode structure) and magnetic shear
with η being the extended coordinate along the magnetic field B, and k G ≡ nq θ k denotes the radial envelope modulation by GAM. The normalization | 0 | 2 d(nq) = 1 is assumed. The other notations are standard.
The governing equations describing the nonlinear interactions between CTEM and GAM can be derived from the quasi-neutrality condition:
where · · · denotes velocity space integration. δH k is the nonadiabatic particle response of the fluctuating particle distribution function δF = −(e/T )δφF 0 + k⊥ exp(−ik ⊥ ·v× b/ω c )δH k , and can be solved from the nonlinear gyrokinetic equation [34] ∂ ∂t
Here, q s is the charge of the species 's', ω d is the magnetic drift frequency, F 0 is the equilibrium particle distribution function,
is the Bessel function of zeroth order denoting finite Larmor radius effects, ρ = v ⊥ / , is the cyclotron frequency, ω
For CTEM turbulence, we assume that the trapped electron population is small under the large aspect-ratio assumption. While solving for the particle response to CTEM DW, assuming its frequency is of the order of the diamagnetic drift frequency, and the typical wavelength k ⊥ ρ i ∼ O(1), we have the following formal orderings: ω t,e > ω b,e ω ω * ω d,e and ω ω d,i , ω t,i [14, 16] . Here, the subscripts 't' and 'b' stands for transit and bounce frequencies. Note that, in equation (4) for trapped electrons, the bounce term v ∂/(∂l) is dominant and, thus, the lowest order (O(ω/ω b,e )) response δH L Ct,e must be of the form [15] 
where δG is independent of l. Bounce averaging the next-order equation then yields [15] 
where subscripts 'Ct' and 'te' stands for, respectively, 'CTEM' and 'trapped electrons', and
denotes bounce averaging along the trapped electron banana orbit in the large aspect-ratio tokamak equilibrium considered here. Meanwhile, the nonadiabatic response for circulating electrons is much smaller than that due to the trapped components and will be ignored here [15] . The linear ion response to CTEM DW can be solved formally as
Substituting the linear particle responses into the quasineutrality condition, one obtains the following eigenmode equation for CTEM:
(9) For the detailed solution of equation (9) and linear properties of CTEM, one may refer to [15, 16] and references therein.
Nonlinear GAM dispersion relation
The nonlinear particle response to GAM can be obtained from the nonlinear gyrokinetic equation. For the ion response to GAM, separating the linear from the nonlinear response as [14, 16] , the nonlinear ion response to GAM can be solved as
, (10) with ω dr being the magnetic drift frequency associated with the geodesic curvature, k 0 × k S = −k θ k G noting that the radial envelope (k r = nq θ k ) for the pump CTEM is k r,0 = 0 for most unstable DW turbulence, and k S = −k 0 + k G due to the radial envelope modulation of GAM.
The nonlinear electron response to GAM, meanwhile, is dominated by the m = 0 poloidal harmonic [27] :
which, noting equations (5) and (6), yields the following nonlinear response to GAM:
Here, (· · ·) = (· · ·)dθ/2π represents surface average, given the large aspect-ratio assumption. The nonlinear GAM equation can then be derived from the surface-averaged quasi-neutrality condition. Substituting the linear and nonlinear particle responses to GAM into the quasi-neutrality condition, we obtain the nonlinear equation describing GAM excitation:
where
is the linear dielectric function of GAM [6] ,
is due to ion nonlinearity, and
is related to the trapped electron nonlinearity [3, 27, 36] . Here, ≡ µ/E is the pitch angle, and E ≡ mv 2 /2. Readers interested in the detailed derivation of α may refer to the appendix. In deriving equation (12) , the normalization condition has been used [27] 
Nonlinear CTEM sideband equation
To close the system, the nonlinear equation describing CTEM sideband excitation by CTEM pump and GAM is also needed. The nonlinear ion response to CTEM sideband, again, can be derived from the nonlinear gyrokinetic equation. Noting
The leading order bounce-averaged nonlinear electron response to CTEM sideband, meanwhile, can be written as
where we have noted that δH
−(e/T e )F 0 δφ G . Substituting the linear and nonlinear particle responses to CTEM sideband into the quasi-neutrality condition, equation (3), we obtain the following nonlinear CTEM sideband equation:
is the linear dispersion function of CTEM sideband, and
is the linear local dispersion function of CTEM.
Nonlinear dispersion relation and parametric decay instability
The nonlinear equations describing GAM and CTEM sideband due to the modulation of the CTEM pump wave is derived in the previous section. Combining equations (12) and (17), we obtain the nonlinear dispersion relation for the parametric decay instability:
Noting that in the case when both GAM and the lower sideband are weakly damped normal modes, the dielectric functions G and D S can be expanded, yielding
where D Ct,r is the Hermitian part of the CTEM dispersion function and γ S and γ G are, respectively, the damping rates of the CTEM sideband and GAM. In deriving equation (20), we have already applied the matching condition for resonant excitation, i.e.
, which yields the following matching condition for resonant decay
Note that, as D Ct,r (−ω 0 , k r = 0) = 0 and finite-k r effects enter via the toroidicity term,
the nonlinear dispersion relation describing GAM excitation by CTEM DW, is then
The condition 2 D > γ S γ G is required for the parametric process to be unstable, and, thus
yields the threshold condition in the pump amplitude A 0 .
We note that, in deriving the nonlinear dispersion relation, the following formal ordering ω tr,e > ω b,e ω ω * ω tr,i , ω d,i , ω d,e is assumed. Thus, the nonlinear dispersion relation is derived based on the main assumption L P R 0 . No assumption on k ⊥ ρ i is made in our derivation, such that the nonlinear dispersion relation, equation (24), is valid for arbitrary k ⊥ ρ i . The trapped electron contribution is typically |α/ω * | ∼ O( √ ), while F 1 , on the other hand, is sensitive to the perpendicular wavenumber k ⊥ ρ i . In the long wavelength limit, |F 1 /ω * | ∼ O (1) |α/ω * | and ion nonlinearity dominates, while, in the short wavelength limit, |F 1 | |α|, and trapped electron nonlinearity dominates. This parametric process can be driven unstable in both long and short wavelength limit by, respectively, ion and trapped electron nonlinearity, when the threshold condition (25) is satisfied.
For the general case, the envelope wavelength k G should be interpreted as operator in equations (12) and (17) . Here, for analytical progress, we will investigate the case with k G /(nq ) 1 in the local limit. With k G /(nq ) 1, the matching condition we derived, equation (22), becomes
From the simple limit of η i = η e = 0 case, it is easy to estimate that F 1 and α are both positive. Thus, in this limit, the nonlinear terms due to ion nonlinearity and trapped electron nonlinearity have opposite signs and, as a result, will compete with each other.
In the |k θ ρ i | 1 limit, |F 1 | |ω * | |α|, such that the ion nonlinearity dominates. As a matter of fact, noting that the frequency difference between the pump and sideband CTEMs enters via toroidicity, one typically has |ω G /ω 0 | ∼ O( ). Furthermore, |ω 0 | |ω * | and |ω dr | |ω G |, and the ion nonlinearity term derived here will recover the expression derived using long wavelength expansion k ⊥ ρ i 1 [6] :
with only an O(1) coefficient related to C i and ω * /ω 0 undetermined, which can be derived via the explicit expression of the CTEM dispersion function.
. Thus, excitation of GAM provides an effective mechanism for CTEM self-regulation via scattering into stable short radial wavelength regime due to the relatively low threshold for GAM spontaneous excitation. Whether the role of GAM is dominant or not in CTEM saturation, when compared with other possible saturation mechanisms, is beyond the scope of the present work. On the basis of existing literature largely relying on nonlinear gyrokinetic simulations, the answer to this question depends on plasma parameters. The main focus of this work is to investigate and understand the physics mechanism by which GAMs are produced by CTEM turbulence.
In the short wavelength limit, |k θ ρ i | 1, |F 1 /ω * | 1, such that the ion nonlinearity is negligible, and the trapped electron nonlinearity dominates. In this case, the nonlinear term on the right-hand side of equation (24) is formally O( ) smaller than the nonlinear term in the long wavelength limit. GAM can be excited by the trapped electron nonlinearity if
It is quite interesting to conclude from the threshold condition, equation (25) , that, if 2 short > γ G γ S , while the parametric process is unstable in both the long and short wavelength limit, there is a negligible-GAM-excitation-state of CTEM due to the cancelation of ion nonlinearity and trapped electron nonlinearity, for moderate k ⊥ that satisfies F 1 (k ⊥ ) − α 0.
Conclusions and discussions
In conclusion, we have derived the nonlinear dispersion relation describing the nonlinear excitation of GAM by CTEM turbulence. The nonlinear dispersion relation, which is valid for arbitrary perpendicular wavelength, is obtained based on the assumption that the real frequency of CTEM ω ∼ ω * ω d . Both ions and trapped electrons dynamics will contribute to the nonlinear excitation, and it is found that the parametric decay process is unstable in both long and short wavelength limit due to, respectively, ion and trapped electron nonlinearity. An interesting result of this work is that, for moderate k ⊥ ρ i , there is a negligible-GAM-excitation-state of CTEM due to the cancelation of the ion nonlinearity and trapped electron nonlinearity. Our work, thus, suggested that, spontaneous excitation of GAM can be an effective channel for CTEM nonlinear saturation via scattering into stable short radial wavelength domain.
The present work has neglected nonuniformity effects, such as ω * (r) radial profile in order to delineate the fundamental ('local') parametric process. Such nonuniformities, and the associated finite DW envelope scale length and GAM continuum [6] are expected to play an important role in the nonlinear excitation of GAM by DW turbulence, and change the parametric process qualitatively [37] [38] [39] . The detailed discussion of system nonuniformity in the nonlinear interactions between DW turbulence and GAM is presented in a separate work [38] . Here, we want to anticipate a similarity of the aforementioned nonlinear DW-ZS (GAM) system in nonuniform plasmas with the ZS-drift Alfvén wave problem [40] in that, due to the existence of shear Alfvén continuum, the typically long wavelength shear Alfvén wave spectrum may be mode converted to short wavelength structures, thereby facilitating cross-scale coupling between disparate spatial and temporal scales [40] .
